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Abstract-Lagrangian multiplier technique is employed to develop a hop version finite element
model for a certain class of dynamics problems. Legendre polynomials are used as shape functions
owing to its orthogonality property. Variational principle is the basis of this formulation with
essential conditions applied via Lagrangian multipliers. The example considered here is a problem
of a beam moving over supports. Response behavior of the beam is investigated for various
longitudinal motions. The present finite element model is validated by comparing the results with
previous research work. Lagrangian multiplier implementation of the problem with finite element
technique, is very effective compared to other global methods such as assumed mode technique.
The inconsistencies in the model presented by Lee (1993) are also pointed out. 1998 Elsevier
Science Ltd. All rights reserved.
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longitudinal acceleration of the beam, mis'
coefficient of Legendre polynomial
amplitude of periodic motion, m
constant used to describe the longitudinal motion of the beam during the repositional maneuver, m
modulus of elasticity, N/m'
axial force distribution, N
matrix of interpolation functions or shape functions for the space domain
moment of inertia, m4

Radius of curvature, m
global stiffness matrix
element stiffness matrix---flexural
element stiffness matrix---·axial
constraint matrix of Lagrangian multipliers corresponding to displacement terms
length of the beam, m
length of the element, m
matrix of Legendre polynomials
total number of element degrees of freedom
global mass matrix
number of Gauss-Legendre points
Legendre polynomials
generalized coordinates
global load vector
period, s
displacement in the x-direction, m
total strain energy
strain energy due to bending
strain energy due to axial forces
kinetic energy
displacement in the y-direction, m
longitudinal velocity of the beam, mls
longitudinal displacement function for the support motion, m
location of support no. I
location of support no. 2
distance from the tip of the beam to the beginning of ith element
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Greek sl'mbols
7., . weights for the Gaussian l/uadrature

mass per unit length, Nim
total strain in the x-direction
Lagrangian multiplier constraints for displacements
longitudinal oscillation frequency of the beam
frequency. rad!s
total potential
Gauss-Legendre points

INTRODUCTION

In displacement based finite element method for statics problems, it is necessary to apply
the zero-displacement boundary conditions (also known as essential conditions) by drop
ping off the rows and columns from the stiffness matrix. In the case of dynamics problems
the equivalent process is to drop the corresponding rows and columns from the inertia and
damping matrices as well. As an alternate to dropping rows and columns corresponding to
constrained displacement degrees offreedom (d.o.f.), one can use the Lagrangian multiplier
method. In the literature (Cook, 1981; Reddy, 1984; Zienkiewicz and Taylor, 1989) the
Lagrangian multiplier method has been used to force satisfaction of natural boundary
conditions as well as essential conditions. The question of satisfying the essential conditions,
by the use of Lagrangian multipliers immediately creates two distinct problems; one due
to increased storage space and secondly due to the presence of rigid body modes, but this
method may be the preferred one for flnite element modeling of certain class of problems.
The dynamic lateral response of a beam moving longitudinally relative to supports (hence
forth referred to as moving beam) falls under this class. A non-moving beam is also referred
in the paper which has no longitudinal motion, but only lateral vibratory motion. In this
paper, non-moving beam response problem is analysed first and then the moving beam
problem as the main course. Since the central example of the paper is moving beam problem,
the relevant literature related to this is presented.

The vibration of elastic bodies, having time-dependent boundary conditions were first
studied by Mindlin and Goodman (1950) for a classical Euler-Bernoulli beam. The Mindlin
and Goodman (1950) technique can only be applied to problems where the boundary
conditions are a function of time only, and not applicable to boundary conditions that are
dependent on both time and space. Tabbarock et al. (1974) studied the dynamics of a
spacecraft antennae which were treated as cantilever beams, ejected, and withdrawn by
certain amount of force, applied at the root of the cantilever. In this approach, the deflection
gradients of the beam were assumed to be small and the beam was assumed to be axially
rigid. Adams and Manor (198 I) investigated the steady-state response of an infinitely long
beam moving over a rigid foundation with step discontinuity. The application of this type
of problem arises when computer tapes are pulled at very high speeds along a base (Buffinton
and Kane, 1985). The behavior of a uniform beam (of Euler--Bernoulli type) of finite length,
moving over two bilateral supports were first studied by Buffinton and Kane (1985). Time
varying partial differential eq uations were derived for the lateral deflection of the beam,
and the solution was sought using the assumed modes method. Yuh and Young (1991)
considered a different kind of dynamic problem. wherein a beam had both translational
and rotational motions. For various beam motions, the response, and the effect of axial
inertia was investigated. In a study by Lee (1993), the motion of a beam on two bilateral
supports was analyzed, and the equations of motion was derived using Hamilton's principle.
While Buffinton and Kane (1985) used a prescribed displacement for the beam motion, Lee
(1993) assumed an equivalent forcing function for the beam motion, to take place (Buffin
ton, 1995, 1996). Not only that Lee (1993) failed to show any quantitative comparison of
his results with that of Buffinton and Kane (1985) but also it will be shown that certain
results presented by Lee (1993) are found to be substantially in error, for the moving beam
problem. The present problem of a finite beam moving over rigid supports using finite
element method with Lagrangian multiplier technique, has not been addressed by previous
authors (Sreeram, 1995).
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The equations of motion are derived in the section titled formulation, assuming that
the beam is isotropic, axially rigid, and the effect of supports are negligible. In the numerical
implementation and results section, the results are presented for various types of motions
of the beam, where comparison with previous research is brought in, and errors in the work
of Lee (1993) are pointed out. Conclusions are presented at the end, followed by the
Appendix section.

FORMULATION

Coordinate system
Consider two fixed supports C and D at a distance d apart as shown in Fig. I. An

inertial frame (X, Y) is defined such that its origin is attached to support C, with the X axis
along CD. An Euler-Bernoulli beam FG of length L moves relative to the supports in the
X direction, and has a deflection veX) in the Y direction. The deflection of the beam at the
points in contact with the supports C and D at a given time are zero. The horizontal motion
of the beam may be specified by prescribing XAt). Note that Xl'is always negative. A
moving frame (x,y) is attached to the left end F of the beam, and moves along with the
beam horizontally.

The transformation between the inertial and the moving frames is given by.

( I )

The axial deflection u is small compared to the lateral deflection v. More importantly,
the deformation quantities u, ii, ii are negligible compared to the corresponding rigid body
motion characteristics of the beam Xc, Xh Xr. Thus the axial motion of any point of the
beam can be described by XF(t) and its derivatives. The finite element modeling of the beam
is better accomplished by referring to the moving frame (x, y) as long as care is taken to
include the axial-inertia effects of the moving beam. In the (x, y) frame the "motion" of the
supports is described by,

y

x

Y, V

x,u
F t:::==~======~==~-:.:-:.:--~--"-i--':":--:.:-:.:--~--::-.:..:--:.:-:.:--~--::-.:J- G

d~"""'"

L ~I
Fig. I. Coordinate system.
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(2)

Two types of beam motion are considered, namely oscillatory and repositioning maneuver
These motions are the same as considered by Buffinton and Kane (1985) and Lee (1993).

Oscillatory motion
The longitudinal motion of the beam is taken to be sinusoidal as,

XFCt) = - IVa +A sin(Qt) (3)

Where IVa is the initial distance between the left end of the beam and support C; A is the
amplitude and Q the frequency of longitudinal motion of the beam. The axial velocity, v~,

and acceleration, a~, respectively, of the beam are obtained from the eqn (I) as,

v~ = XF = AQ cos(Qt)

a~ = Xf = - AQ2 sin(Qt)

In moving coordinates, the apparent motion of the supports is given by,

Xc = IVa - A sin(Qt)

Xv = IVa - A sin(Qt) +d

(4)

(5)

Repositioning maneuver
This type of longitudinal motion is unidirectional, in that the beam starts from rest,

moves in one direction and comes to rest. The beam motion is described by,

L • A[ (2m)]VB = X F = -1' I - cos T

(6)

(7)

Where IVa is as defined before, A is the distance traversed by the beam, and T the total
time of the maneuver. The acceleration a~ during the maneuver is,

L " brA. (2m)
aB = X F = y:;-sm T

In moving coordinates, the apparent motion of the supports is given by,

A [ T (2rct)Jxv=wa- r t-
2rc

sin T +d

(8)

(9)

From this point on most of the formulation will be done in the moving coordinates (x,Y)
excepting for the inclusion of the axial-inertia effects.
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Fig. 2. Beam element.

Formation ofenergy equations
Figure 2 shows an element of the beam with length dx, in the undeformed state and

length dX 1 in the deformed state, due to some applied load. The deflection in the axial
direction is u, along the x-coordinate and in the transverse direction is v, along the y
coordinate. The equilibrium of a differential element is considered in order to derive the
total potential energy due to bending and axial forces (not explicitly shown in the Fig. 2).
Therefore the expressions for the axial strain components due to different actions are as
follows. The total axial strain is obtained by combining the individual strains due to axial,
flexural and coupling between axial and flexural actions. Therefore,

oU
B_1; ==-~

ox
(10)

Strain energy
The total strain energy V for the beam can be written as,

IiL

[ (OU)2 (iPV)2 (OV)2JV =- EA - +EI ---- +F, - dx
2 0 ox ox2 ox (11)

The first term is due to axial deflection is neglected. The second term is the strain energy
due to bending V h :

I iL

[ (021:)2JV h =- EI -2 dx
2 [) ax

(12)

The third term is the effect of axial forces on the transverse deflection, and denoting this
term as V/

I rL

[ (OV)2JVf = :2 Jo F, ax dx (13)

The axial force distribution F, may be externally applied or due to inertial effects. In the
current problem, F, is due to longitudinal rigid body acceleration of the beam. It is assumed
that the longitudinal motion to the beam is imparted by a time varying force applied only
to the left end of the beam. Thus, the inertial force distribution will be maximum at the left
end and zero at the right end, and given by (Lee, 1993).
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(14)

Where y is the mass per unit length of the material. As noted earlier the acceleration is
independent of x, and y will also be independent of x for a uniform beam. Thus,

F r = -yaf(L-x) (15)

Kinetic energy
Any point of the beam experiences velocity in the axial and transverse directions. The

axial velocity is due to the rigid body longitudinal motion and does not contribute to the
equation of motion written in terms of the transverse deflection v. Thus, only considering
the transverse velocity, the kinetic energy expression, Tis,

1 fL (CV)2T=- }' ..~ dx
2 0 at (16)

Finite element discretization
In this section, shape functions for a p-version finite element are derived using orthog

onal polynomials, i.e., Legendre polynomials. As mentioned earlier, choosing orthogonal
polynomials as basis for shape functions is important in numerical integration, wherein we
exploit the orthogonality property. Several researchers have favored the use of orthogonal
polynomials as shape functions; for example, see Hodges (1983).

Let the beam be divided into a number ofp-elements, as shown in Fig. 3. The structure
of the jth element, of length Ii> is also seen in this figure. The element consists of (m - 2)
nodes numbered from 1 to (m - 2). The location of the internal nodes are nothing but the
zeros of the Legendre polynomial of order (m -4). The total number of degrees offreedom

y,v

...---;-. x .
1--.. ~J

~ = -1

I..

2

• •
o
t.
J

•
m-3 m-2

•

Fig. 3. p-version finite element.
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for the element is m since the end nodes have the rotational degrees of freedom in addition.
The local coordinate Xi and the non-dimensional coordinate ~ are both fixed at the center
of the element. This origin mayor may not be a nodal point. The xj varies from -tp to
ti2 while ( from - 1 to + 1. The transformation between Xi and ¢ is given by,

Let the deflection distribution v(~) over the element be expressed as,

m-I

v«() = L ajPj«)
i=O

(17)

(18)

(19)

Where P,«() are the Legendre polynomial of order i and ai are the generalized coor
dinates which are yet to be determined. Equation (19) can be written in matrix notation as,

I'«) = LP(mj{a) (20)

The solution of a j requires m equations. The degree of freedom v and v' at each end node
result in four equations, i.e.,

V( -1) = LP( I)j{a}

fV'( -1) = LP'( -1)j{a}

I'( + I) = LP( + l)j{a}

2
(l/( + I) = LP'( + I)j{a}
,

(21 )

(22)

(23)

(24)

The additional (m-4) equations can be found from the displacement degrees of freedom
at the internal nodes as,

I'(~j) = [P(O]{a j } i = 2,m-3

Combining eqns from (20)-(25),

(25)

Po (+ I) P J ( + I)

P~ ( + I) P'I (+ I)

Po(-I)

P~( -1)

Po «( 2)

P 1 ( -1)

p'!( -1)

PI «(2)

Pm_ I (-I) VI

P;,,_I (-1) ao 2
Pm! «(2)

-V'}
a l ti
a2 V2 (26)

Pm- J (+ 1) am-I 2 ,

P;,,-l (+ 1)
{Vm... !

I

or symbolically,
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(27)

Where [L] is the square matrix of order (m x m) of eqn (27) and {qe} is the vector of the
element degrees of freedom.

Therefore,

(28)

Combining eqns (25) and (28),

(29)

or

(30)

The elements of the matrix LH(~J are the shape functions of the finite element, and the
shape functions are given by,

(31)

where [L,]~ 1 is the i th column of [L] ~ I.

Equations ofmotion
For a problem in mechanics of continua, governing equations of motion can be

obtained by making use of the Hamilton's principle,

f
ll

b (U- T - W) dt = 0
t,

(32)

The equations of motion for a moving beam will be derived based on the above approach
with Lagrangian multipliers as essential conditions (displacement conditions) during the
beam motion.

(33)

Where bU, bT and bWare the variation in strain, kinetic and virtual external work. A very
detailed procedure of Lagrangian multiplier methods is given by Cook (1988). The addition
of constraints to eqn (33) will yield the modified potential, i.e.,

(34)

Where A) and ..1.2 are the two Lagrangian multiplier degrees of freedom corresponding
to the two support locations, and x; (C), x~ (D) are the location of the first and second
support, respectively. To derive the system equations, the potential function is made station
ary with respect to each degree of freedom and assembled in matrix form. In other words,
mathematically this is accomplished by computing the partial derivatives of the modified
potential with respect to each degree of freedom and equating them to zero.
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8rIp = 0
8qj

8rIp = 0
8q2

3683

(35)

Where the q's are the real degrees of freedom of the system whereas A's are the Lagrangian
Multiplier degrees of freedom. Equation (35) in the matrix form gives the system matrix
equations for the moving beam problem, assuming effects due to damping are neglected.

[
[M)

[0]
[O]J {Ii} [[K]
[0] X + [KJ]

[KJJ {:} = {{Q}}
[0] It {OJ

(36)

Now, [K] = [KJ + [Kal, the sum of flexural and axial inertia stiffness. The expression given
in eqn (36) is the general governing equation of a beam moving over supports irrespective
of the type of motion. If the motion is sinusoidal, then the additional stiffness term does
exist and in this case the stiffness will be due to both bending and axial. But if the beam
moves with constant velocity, the stiffness term will be due to bending only. Also, {Q}, is
the load vector which is problem dependent. The response is analyzed based on the initially
deformed beam. The [K.,J and [K'\Vare the Lagrangian multiplier matrices. The constraint
matrices are not constant and their values change with time, as they depend on the location
of the supports. The flexural stiffness, axial stiffness, Lagrangian multiplier and the mass
matrices are defined below.

(a) Flexural stiffness

(b) Axial stiffness

8 f+1
[Kj] = ----3 EILH"(~)J{H"(~)} d~

(Ii) - I

(37)

(c) Lagrangian multiplier matrices

The Lagrangian multiplier matrices, or the constraint matrices are evaluated based on the
support position. By doing so, from eqn (35) the constraint terms separate as,

[Kf] ~ [0 H\ ... H;'n

0 0 0 0 0

o 0 o 0

HIm

(39)

Where the H's are the shape function of ith and jth element, evaluated at the location of
the two supports, assuming that the support falls on these elements. This need not be always
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Table I. Beam characteristics

Length of the beam (l.)
Mass per unit length of the beam (i')
Beam stiffness (Ef)
Distance between the supports (D)

1.0 m
1.0 Kg/m
I.ON-m'
0.25 m

Table 2. Convergence study and comparison for the free-vibration analysis of an overhang beam using Lagrangian
multiplier method

Classical Bulnnton
Mode solution and Kane

no, rad,isec (1985) lELOIN 2ELOIN 3£lOIN 4EL-OIN 4EL-IIN 4EL 21N 4EL 3JN 4ELAIN 4EL-5IN
---"---'_.. .------_.- -_.._--" ...._.._-------. - .._-_.-_...._----

16.246 16247 19.861 16.333 16.286 16296 16.248 16.248 16246 16.246 16.246
20.771 20.825 40.141 23.518 20.965 21.714 20.826 20.826 2lJ.784 2lJ.784 20.776

1179.1 117 95 l70.51 1.10.48 119.48 118.39 117.99 117.94 117.94 117.9.1

4 13607 13695 2lJ641 158.11 15397 137.61 137.08 13629 136.29 13616

24747 24885 468.51 31303 255.49 252471 24844 248.43 24783
386.11 38879 534.87 517.28 399.95 392.32 38690 386.84 38637

4n58 427.0.1 84011 447.23 446.19 42592 425.89 423.74
70244 707.16 993.16 906.65 719.4.1 70878 704.75 703.88
799.47 8lJ7.16 1103.8 856.04 81352 80629 800.52

the case. Depending on the clement size, the distance between the supports, the supports
mayor may not be on the same element. In either case, the matrix should be arranged
accordingly.

(d) Mass matrix

I f+ t
[M'] =.~ .. 1 [)'{H(~)}LH(~)Jld~ (40)

The derivation of flexural and axial stiffness matrices are shown in Appendix A, to dem
onstrate the procedure adopted here.

SIMULATION AND RESULTS

A computer program in FORTRAN 77, was written to form the finite element equa
tions that govern the problem, and to solve the equations numerically. A convergence study
was carried out during the early stages to determine how many degrees of freedom are
required for the solution to be reasonably accurate; and some original results are presented.
The assumed parameters for the beam arc the same as assumed by Buffinton and Kane
(1985), Lee (1993). Accordingly, the free-vibration problem of an overhang beam is con
sidered first. Then the response of the non-moving beam and moving beam are presented.

Free vibration olan overhang beam using Lagrangian multiplier method
An overhang beam, as shown in Fig. I with the properties given in Table I was

analyzed for eigenvalues. The IMSL program DGVCRG was used to solve the generalized
eigenproblem. The comparison of results with classical theory and that presented by
Buffinton and Kane (1985) is shown in Table 2. The results show a very good agreement
with the classical theory, especially for the case with 4-elements and 5-internal nodes per
clement (4EL5IN) case, with total beam degree of freedom of 32, where the first nine
mode frequencies were obtained within reasonable accuracy. This was fixed as the basis for
obtaining the required degrees of freedom, to obtain numerical solutions.
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Fig. 4. Response of an initially deformed beam' comparison with classical theory.

Response analysis olan overhang beam
The response of an overhang non-moving beam is presented in this section. The

analysis was carried out by using the Newmark's implicit method for solving second-order
differential equations (Bathe and Wilson, 1977). The results are presented for two cases:
one, assuming that the beam is deformed to the first flexural mode shape; and second, the
beam is deformed by a uniformly applied load. In both cases the deflection at the tip is 0.01
m. The result of the response is as shown in Fig. 4.

As can be seen from Fig. 4, the numerical solution obtained using Newmark's method
agrees with the classical solution. More importantly, the response obtained using the two
different initial conditions, one using the eigenvector and the other using deflection curve
due to uniformly distributed load (UDL), agree very well. However, in the case of moving
beam problem, only the initial condition due to the first mode eigenvector will be considered,
though one could choose either of the two as stated by Buffinton and Kane (1985).

Re~ponse olmoving beam

Sinusoidal motion
In the case of a beam with longitudinal motion over supports, the axial inertia of the

beam alters the stiffness matrix in the finite element analysis. The total degrees of freedom
required for convergence was assumed to be four elements and five internal nodes per
element. The dynamic behavior of the beam is presented for various longitudinal motions.
As stated before, the beam characteristics are the same as given by Buffinton and Kane
(1985) and Lee (1993). The first support is located at 0.375 m from the left and the second
support is 0.25 m from the first support. The beam is considered to perform sinusoidal
oscillation about the first support, and hence the longitudinal function which describes the
location of supports at any time 'r' is given by eqn (5)

As the location of support changes with every instant of time, this changes the Lag
rangian multiplier matrices, i.e., the constraint matrices as well as with the stiffness terms.
So, at each instant of time, the overall stiffness matrix will have to be updated for the
constraint terms as well as the stiffness terms. Though a detailed numerical stability behavior
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Fig. 5. Response of a moving beam: IV = 0.375--0.05 sin(20 t), present analysis.

will not be presented in this paper, present analysis showed the Newmark's implicit scheme
to be the most stable, and hence will be followed throughout our analysis.

Figure 5 shows the tip deflection (at x = 0 m) for the beam oscillating with longitudinal
frequency of 20 rad/sec and amplitude of 0.05 m. Here one must remember that Buffinton
and Kane (1985) used only two modes for this particular analysis. In evaluating the
response, choosing the number of modes becomes critical because this will more accurately
define the initial mode shape. Lee (1993) has shown the effect of number of modes on the
response in his work which is a good indication that a minimum of four modes will have
to be considered to define the problem accurately. The comparison is excellent in the case
of repositioning maneuver of the beam, shown later, where Buffinton and Kane used five
modes instead of two.

The same problem with exactly the same parameters was also presented by Lee (1993),
where the two results differ considerably. This is due to the following reason. The expression
for x, eqn (5), describes the location of the supports and not of the beam. Differentiating
eqn (5) with respect to time,

.Xc = An 2 sin(nt) (41)

The expression in eqn (41) is just the second derivative of the expression for x" and not the
beam acceleration. The actual acceleration of the beam is defined by eqn (4). Lee (1993)
has not used the minus sign for the term in eqn (41). Also it will be shown that by using
the opposite sign for the acceleration term, the results show a very good agreement with
that of Lee (1993). The results presented by Lee (1993) for the same case with support
stiffness of 1.0 x 107 N/m, were digitized for the sake of comparison. Figure 6 represents
the response case for the beam oscillating with longitudinal frequency of 20 rad/s and
amplitude of 0.05 m, but with an opposite sign for the acceleration time. The results for
higher frequencies is presented due to the fact that the effect of axial inertia will be more
pronounced, and it drastically changes the stiffness terms and hence the response behavior.

Next the results are presented for a case where the longitudinal frequency of the beam
is 20 rad/s, but the amplitude is lowered to 0.025 m, as shown in Fig. 7. The results presented
by Lee (1993) shows a very stable behavior, whereas the present analysis shows instability
progressing with increase in time (Fig. 7). The response behavior is shown only for five
seconds. At this point it should be noted that the stability chart presented for the same
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problem by Buffinton and Kane (1985), is only applicable to discrete values of amplitude
and longitudinal frequency, which, perhaps, Lee (1993) did not realize since he brings in a
wrong comparison in his paper. This essentially means that one cannot even qualitatively
compare, or predict the response for an amplitude of 0.025 m and frequency of 20 rad/s
from the stability chart provided by Buffinton and Kane (1985). The response result for
this particular case was further investigated using Floquet's theory (results not presented
here), also yielded unstable results. The response of beam having longitudinal frequency of
22 rad/s with amplitude 0.05 m is presented next, which clearly shows unstable behavior in
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the present analysis. Figure 9 shows the results obtained using our analysis which again
differs quantitatively with that presented by Lee (1993) due to the sign change in the
acceleration term. The analysis was also performed for other longitudinal frequencies of 30
and 40 rad/s keeping the amplitude the same, which also yielded unstable responses as can
be seen from Figs 10 and 11. The results for these two cases were not presented by previous
authors.
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Repositional maneuver
The results for the repositional maneuvers are presented next. The functions that

describe the beam motions, in eqn (9) are the same as given by Buffinton and Kane (1985)
and Lee (1993). Figure 12 shows the case of slow repositioning maneuver. The tip deflection
of the beam is observed up to 3.5 s, and one can observe the decrease in amplitude as the
tip approaches the first support. The predicted results agree very well with that of Buffinton
and Kane (1985) for all three cases of repositioning. Figure IS shows the results for the
slow repositional maneuver of the beam based on the initial configuration given by Lee
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(1993). Figure 15 shows the results obtained using the reversal of signs in the acceleration
terms. For this particular case, the effect seems to be very small, since the beam motion is
slow. Similar results are also presented for a fast repositional maneuver of the beam, initial
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configuration given by Lee (1993), where the effect of sign reversal is very pronounced, as
can be seen from Fig. 16.

CONCLUSIONS

The h-p version finite element method in combination with Lagrangian multiplier
technique, has proved to be very effective in solving problems with time-dependent bound
ary conditions. The formulation presented here is much less complex than the assumed
modes solution presented by Buffinton and Kane (1985) and Lee (1993).

The use of Legendre polynomials as shape functions have many advantages due to its
orthogonality property. The Gauss--Legendre points are nothing but the zeros of the
Legendre polynomial of a certain order. This is especially advantageous when one has to
generate the internal nodes. For the response of a moving beam, the results show excellent
comparisons with that of Buffinton and Kane (1985). The erroneous results of the dynamic
model presented by Lee (1993) are pointed out, and the corrected model using a much
simpler formulation is presented for the same problem.
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APPENDIX

Formation olelement stIffness matrixj(mtl elastic strain energy due 10 hending
From eqn (12). the expression for the elastic strain energy due to bending over thejth element can be written

as,

I 1""'" [ - (t... ·r)'] .[f" = - £1- . ... d.\
2 '" ~l t'x7 i

where

From the expression for I' in eqn (A2), the variation 61' is,

[61:] = LH(OJi6q,.:

(AI)

(A2l

(A3)

(A4)

Substituting eqns (A2) and (A4) in eqn (A3) and simplifying yields the expression for the element stiffness matrix
in terms of the local coordinate Xi'

[K;l = roll" EJLfrJ(fr} dx,
.. (/,::'1

(AS)

In the eqn (AS), the integration is done with respect to the local coordinate x. Now we need to express the same
equation in terms of the non-dimensional ¢ coordinate, which varies from - I to + lover an element (as shown
in Fig. 3).

dH d:'
H'(y) =---'

, , d¢ dx,

or

J
H'(x,) = TH'(¢),

(J)'H"(x,) = 1, H"(O

Substituting eqn (A8) in (AS) and on simplification yields,

S f"[Kil =-- EJLH"(¢),J(I1"(i;») di;
(I,)' I

Applying the Gauss integration to eqn (9A),

(A6)

(A7)

(AS)

(A9)
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(AIO)

Formation (~raxial stiffness matrix from strain energJ' due to axial/orees
The strain energy due to axial forces corresponding to thejth element can be written from eqn (13) as,

,-~f' [I,' ,[ [ , (.~,"")'] •U, - 2 F, 0 dX I
) (/ 2) (Xi

(Ali)

Where F, is the axial force corresponding to that particular element. The expression for the axial force term is
given by eqn (15). Substituting eqn (IS) in eqn (All),

-I r'iI,2[ [ (DC)']U, = -.,- , )'a~(L,-xi) l dX I
..... _ (/, 2) (Xi

The variation of eqn (AI2) with respect to v yields,

r·(I," [ (CV) (iJOC)]MIl, = -a~ }'(L-x) "'-'- ~ dx,
.. --(II' LX) LX}

Further using eqns (A2) and (A4),

oU1, = -a~ fl" b'(L-x)LoqJ{H'}LH'J{q}1dX
j

. {lJ,2}

Transformation to the non-dimensional coordinate (: results in,

Applying Gauss integration,

(AI2)

(AU)

(AI4)

(AI5)

(AI6)

The derivation for mass matrix and load vector will not be shown here since the procedure is very similar in
principle.


